A simple model of self-pulsation in lasers is considered. The laser is described by the system of two ordinary differential equations for the number of photons in the cavity and the number of excitations in the active medium, leading to the equation for the oscillator Toda with damping. For the case of strong spiking, the damping is considered as perturbation; the estimates in terms of elementary functions are suggested for the period of pulsation, damping rate, amplitude and phase of pulsation, quasi-energy and the output power. These estimates are compared to the numerical solution and to the experimental data.
Introduction
Self-pulsation takes place at the beginning of laser action in various optical generators. As the pump is switched on, the gain in the active medium rises and exceeds the steady-state value. Then the number of photons in the cavity increases, depleting the gain below the steady-state value, and so on. The laser pulsates; the output power at the peaks can be orders of magnitude larger than that between pulses. After several strong peaks, the amplitude of pulsation reduces, and the system behaves as a linear oscillator with damping. Then the pulsation decays; this is the beginning of the continuous-wave operation [1] [2] [3] . The self-pulsation is a transient phenomenon in the continuous-wave lasers. This paper was motivated by questions about applicability of analytical estimates of the efficiency of the laser action in various models [4, 5] . The condition of pumping above the threshold and the sufficient cooling may require the quasi-continuous operation. With pulsed pump, the transient regime takes place at the beginning of each pulse.
The pulsation in lasers has been under intensive study . Usually, the analysis of pulsation is limited by the cases of a weak pulsation and/or the numerical solution of the differential equations, but the analytical properties of the solution can be revealed, treating the equations as oscillator Toda [3, 28, 29] in the first-order averaging for the slow damping. Such a description makes it easier to understand the phenomenon. However, the use of these results implies the numerical solution of the differential equation for the quasi-energy of the oscillator Toda, while the right-hand side of this equation is expressed in terms of an integral. Therefore, numerically, such an 'analytic solution' does not run faster than a direct implementation of the second-order differential equation for the same oscillator.
The detailed description of any phenomenon should be followed by the easy-to-use portable algorithm which allows us to estimate physical quantities without repeating the calculus which is already done. In this paper, we suggest approximations for the main parameters of self-pulsation. Our goal is to describe the pulsation through simple functions, satisfying criteria 1-3 below:
(1) Smallness of damping (necessary condition for the strong spiking) should be the only restriction for the validity of the approximation; other parameters may vary many orders of magnitude, covering all the physical range. (In particular, the approximation should reproduce the properties of the solution at very weak and at very strong pulsing.) ( 2) The approximations should be expressed in terms of elementary functions; all the range of parameters should be covered with the same closed-form expressions. (For example, a step-function should not be used for the representation.) (3) The error of the approximations for the model should be small compared to the deviation of the model from the experimental data.
In this paper, the evolution of the number of photons in the cavity and number of excitations is described by a system of two differential equations [1] (section 2). This system leads to the equation for the logarithm of the number of photons (section 3), which can be interpreted as oscillator Toda [3] . It is a nonlinear classical oscillator with a fixed (parameter independent) potential, and the damping term depends on two parameters.
The case without damping is considered in section 4. The period of pulsation is approximated through elementary functions with seven significant figures. The approximations are suggested for the number of photons as a function of time; the last one provides at least three correct significant figures.
The damping is considered as perturbation. In the first order averaging, the two parameters of damping are equivalent [3] , and the scaling of the time variable allows us to describe the amplitude (section 5) and phase (section 6) of pulsation with fixed (parameter-independent) functions of single variable. These functions are approximated with three significant figures.
As an additional check and illustration, the resulting approximation for the output power versus time is compared with the numerical solution (section 7) and to the experimental realization (section 8) of the oscillator Toda.
Model and notations
In the simple model [1, 2] of self-pulsation, the evolution of the number X of photons in the cavity and number Y of the excitation of the active medium is described with the differential equations
where
t r is the round-trip time of light in the laser resonator, s is area of the pumped region (good mode matching is assumed), σ is the emission cross-section at the signal frequency ω s , θ is the transmission coefficient of the output coupler, τ is the lifetime of excitation of the active medium and P p is power of pump absorbed in the active medium. Let ω p = 2πc/λ p and ω s = 2πc/λ s be frequencies of the pump and that of the lasing, then λ p and λ s are the corresponding wavelengths; the output power
Both numbers X and Y are supposed to be large compared to unity; only in this case they can be treated as classical (commutative and real) continuous variables. System of equations (1), (2) is equivalent to the system (25.1), (25.2) in [1] . The steady-state solution
corresponds to the continuous-wave operation of the laser. It is pumped above threshold at KW > U V . In the case of weak pulsation (|X − X o | X o ), the first term of the expansion of the solution in vicinity of {X o , Y o } gives the estimate [1, 2] of the decay rate and frequency of pulsation:
The pulsation is possible at w > . At the low damping, /w 1, and the frequency of weak pulsation becomes w, but the repetition rate of strong pulses depends on the amplitude.
Dimensionless variables
The solution becomes simpler in new variables x, y, z instead of X, Y, t; let
Then, the system (1), (2) leads to the equation
where Figure 1 . Solution of equation (16) with γ = 5 and notations.
and prime denotes the derivative. Equation (14) can be interpreted as oscillator Toda [3] , and treated as any other classical oscillator [30] [31] [32] . The independent variable z is proportional to time t by (27) ; variable x appears as a coordinate of this oscillator; then, (x) is the potential. The dx/dz plays the role of the speed of this particle; and the term with first derivative in (14) describes the speed-proportional friction; the coefficient of proportionality D(x) is increasing function of coordinate x. The two functions D and specify the nonlinearity of the oscillator. Through D(x), this nonlinearity is determined by two parameters u and v. The shape of potential does not depend on any parameters; it is fixed function.
Case without damping
For the strong spiking, both parameters u and v should be small; then, during one cycle of pulsation, the relaxation term can be treated as perturbation. Formally, we should also require something like |dx/dz|u 1, but, in the physical range of parameters, maximal value of |dx/dz| remains of order of unity even at strong spiking. Therefore, practically, the condition u + v 1 is sufficient. Let the 'unperturbed' equation correspond to the oscillator without damping:
This equation has periodic solutions: one of them is plotted in figure 1 to show the notations.
The energy of such oscillator can be expressed as follows:
This dimensionless energy should not be confused with the energy of pulses
and the optical frequency ω s ('omega') should not be confused with the frequency w ('lowercase double-u') of small pulsations; so, below E is called 'quasi-energy', and the normalized frequency of pulsations is denoted by k; at weak pulsation, k ≈ 1. Neglecting the damping term leads to the conservation of quasi-energy, and the analytic solution of (16) during one period can be written as
x min and x max are minimal and maximal values of x, which correspond to dx/dz = 0. Equation (20) , through the definition (15) of , leads to the relation between maximal and minimal values of x,
Let X max = X o exp(x max ) and X min = X o exp(x min ) be maximum and minimum value of the number of photons in the cavity. Define the amplitude of pulsation as X max /X min − 1. Define the logamplitude
of pulsation and the median value
Then
and (21) gives
Any of extremal values X min or X max , or x min , or x max , as well as quasi-energy E or logamplitude γ could be used to characterize the strength of pulsation. It is better to use logamplitude γ ; then x min , x min and E are expressed through elementary functions of γ . The use of logamplitude γ as parameter simplifies the deduction.
The time interval between pulses can be estimated as
where the normalized frequency
The normalized period wT = 2π/k(γ ) is shown in figure 2 . The expansion of normalized period at small values of γ can be written as follows: 
The expansion (29) can be used for precise evaluation of k(γ ) at γ < 1; each coefficient in (30) is an order of magnitude smaller than the previous one. At γ 1, the quarter-period π/(2k) can be approximated with
the coefficients
were estimated from the numerical analysis of the integral (31) . The left-hand side of (32) was evaluated using expression (31) at 10 < γ < 1000 and approximated with 1 − K 1 α at small values of α = 1/γ . Then, the residual was divided by α and approximated as K 2 α, and so on. The accumulation of errors at the sequential evaluations leads to the quick drop of the number of significant figures; the last digit in coefficients (33) may be doubtful. The series seems to be strongly divergent; the more terms are taken into account in the sum in (32), the narrower is range of validity of the resulting approximation. In particular, at N = 4, this representation allows the precise evaluation of k(γ ) at γ > 100, giving at least 8 significant figures. Such precision is important for the accurate estimates of behaviour of the amplitude and phase of pulsation at very strong spiking, described in the following sections. However, at γ = 100, the ratio X max /X min = e 2γ ≈ 10 87 ; this greatly exceeds the physical range, at least for lasers. If we have only one photon in the gap between pulses, and the energy of a photon is of order of one electron Volt, then, the energy, stored in the cavity, should be of order of 10 87 × 10 −19 J = 10 68 J. This would correspond to an explosion of a heavy star rather than to an Earth-based laser. Values 0 < γ < 20 may have physical meaning; the corresponding x max < ln(2γ ) < 4. We may expect, at any realization of the oscillator Toda as a self-pulsing laser, values of x do not exceed the upper grid-line in figure 3 . This is justification why we write the condition of small damping simply as u+v 1, without specifying x.
Aiming application to the laser science, it would be good to have an easy estimate, valid at the intermediate values of logamplitude γ . In the whole range γ > 0, the normalized frequency can be approximated with (34) with eight significant figures; |k fit (γ )/k(γ ) − 1| < 22 × 10 −9 for all positive γ . With the good approximation for the frequency of pulsation, the evolution of coordinate x can be approximated with an appropriate periodic function. Let
The last argument ϕ of the functions x j has sense of phase of pulsation. Then, the evolution can be approximated with x(z) = x j (γ , k(γ )z) for j = 0 or 1 or 2.
The cosinusoidal approximation with x 0 gives relative error smaller than 1% at γ 1; while the oscillation of x is almost harmonic. The approximation with x 1 does well at x 4; this fit is compared to the numerical solution in figure 3 , the deviation becomes visible at γ ≈ 1. The combination x 2 coincides with the numerical solution with three decimal digits for all positive values of γ ; the deviation would not be seen at the same graphic. The error of this approximation is small compared with the deviation from experimental data of the low-damping pulsation in a microchip laser discussed below.
The approximations through elementary functions of normalized frequency k of pulsation and x(z) can be used also for the case with small damping. However, the rate of decay of logamplitude γ should be approximated.
Damping as perturbation
In the following, u and v by (15) are treated as small parameters; the relaxation term with first derivative in (14) appears as a perturbation. This does not assume small amplitude of pulsation, but the relative variation of the number of photons from pulse to pulse should not be large. The necessary condition for the strong pulsation is u 1, v 1. Their product also should be small: the definitions (15) give
In such a way, for the strong pulsation with low damping, the lifetime of photons in the cavity should be small compared to the lifetime of excitations of the active medium. At the low damping, the quasi-energy E and the logamplitude γ of pulsation reduce slowly. Through γ , the extremal values of x also become slow functions of the normalized coordinate z. The loss of quasi-energy during half a period π/k can be estimated as
where z min and z max are neighbour values of normalized coordinate z, at which variable x (and number of photons X) have minimal and maximal values:
For the first order approximation with respect to u and v, the derivative dx dz can be expressed from (17) . With x as new variable of integration, the loss per half-period can be considered as a function of γ :
where δ and E are determined with (25) and (26) . The smoothed evolution of quasi-energy can be estimated with
Considering γ as parameter which determines the quasi-energy, (43) gives the equation for the logamplitude γ :
where E is derivative of function E by (26) . Using (42), equation (44) can be rewritten as
It is possible to show [3] that A(γ ) = B(γ ); in the first approximation, parameters u and v give additive contribution to the damping, even at strong pulsation. These functions can be approximated with series of γ : (29), (30) . The expansion (48), (49) allows the precise evaluation of A(γ ) at γ < 1.
In the opposite case of large γ , the expansion seems to have the form
the first coefficients of the expansion
are estimated from the numerical analysis of expressions (46) where t 1 is time at which γ = 1. Then γ = γ (ζ ) satisfies the differential equation
The function γ (ζ ) is shown in figure 4 with thick solid line; it is a fixed function. For comparison, exp(−ζ /2) and quasi-energy E(γ (ζ )) are shown in the same graphic.
For the evaluation of function γ (ζ ), it is more convenient to deal with the differential
At ζ 1, the function G can be approximated with
the first coefficients in this expansion are evaluated in the same manner as in the case of the large γ expansion of the normalized frequency k: 
The function o decays quickly; at ζ < −10, this estimate gives at least eight significant figures. From estimates (56), (58) we may expect that the function G(ζ ) = ln[γ (ζ )] decreases almost linearly with time; although the tangent is little bit different for positive and negative values of the argument. At strong spiking, the decrement is slightly stronger than at weak pulsation; G(ζ ) looks similar to the linear function, and γ (ζ ) behaves like an exponential (figure 4).
It is interesting that logamplitude γ behaves as exponential function of ζ ; at negative values of ζ , the amplitude X max /X min − 1 of pulsation behaves as a double-exponential function of time. This behaviour explains why the direct numerical solution of the initial system (1), (2) is so slow at the strong spiking: per each period, the conventional numerical algorithm should trace the variable which varies by many orders of magnitude. The logarithm of logamplitude, contrary, behaves very smoothly; it can be approximated with the modest function 
Most of the dependence is provided by the first term in the right-hand side of (59); the last fraction gives the relatively small correction, which ranges between zero and unity.
The equivalence of parameters u and v in the damping allows us to describe the evolution of logamplitude with fixed function of one argument; γ (ζ ) does not depend on any parameters. This gives the description of damping of pulsation. As verification, in figure 5(a) , the evolution of E(γ (ζ )), by (26), (54), is compared to two numerical solutions of (14), for (u = 0.05, v = 0) and for (u = 0.05, v = 0); the exp(G fit (ζ )) instead of γ (ζ ) was used to plot the graphic. Good agreement takes place. However, the estimate does not take into account that the quasi-energy dissipates mainly in vicinity of maxima of x, where its derivative is high. Therefore this approximation does not reproduce the stair-like jumps of quasi-energy E in the left-hand side of the graphic.
The parameter ζ by (53) determines the logamplitude γ of pulsation, γ = γ (ζ ). At ζ > 0, γ (ζ ) ≈ exp(−ζ /2), reproducing the exponential decay of the weak pulsation. At ζ < 0 (strong pulsation), the logamplitude decays a little bit faster, γ (ζ ) ∼ exp − 2 3 ζ . 
Phase of pulsation
The perturbation analysis, used in the previous section for the evolution of the logamplitude γ , can be extended to take into account the phase of pulsation. The phase at the normalized time z can be estimated integrating the normalized frequency k of pulsation:
where z 1 is the normalized time, when γ = 1, and
At large negative ζ , the expansion may have the form 
At large positive ζ , function F can be approximated with
where F 0 ≈ 0.039 329 2835,
Above, we type 'may have form' instead of 'has form', because we do not yet have the formal mathematical proof; so, such expansions can be considered as our guess. The first coefficients in the expansions (62) and (64) are estimated from the numerical evaluation of (61) for large (non-physical) values of |ζ | 1, in the same way as in the case of functions k and A in the previous sections.
In the whole range, function F can be approximated with The minimal value of the normalized phase −f 0 ≈ −4.522 454 51 indicates that the maximal number of strong peaks is determined by the sum u + v. Even at high initial amplitude of pulsation, within
pulses, the logamplitude of pulsation becomes smaller than unity. In particular, for the case u + v = 0.05 shown in the figure 5, there may exist no more than 14 pulses with logamplitude larger than unity; 11 of them are within the plot range. The approximation (62) allows us to estimate the maximal number of strong spikes. At weak damping (u + v 1), independently on the initial conditions, the number of strong pulses does not exceed N max by (67).
Approximation of the output power
The knowledge of behaviour of logamplitude γ = γ (ζ ) and phase ϕ = F (ζ )/(u + v) allows us to approximate the number of photons X and the output power (7) with simple functions. Generalizing the approximations x j by (36)-(38), consider
where ψ is phase of pulsation at the moment t 1 = z 1 /w, when the logamplitude γ = 1. The fit (68) approximates x as a function of K, W, U, V through u and v; this fit can be interpreted as an approximation of a function of five parameters (t − t 1 , ψ, K, U, V ), valid for u + v 1. The number of photons in the cavity can be estimated asX 2 (t) = X o exp(x 2 (wt)). At ψ = 0, u + v = 0.05, this approximation is plotted in figure 5(b) with thin curve; the approximations exp(G fit (ζ )) and F fit (ζ ) were used instead of γ (ζ ) and F (ζ ). For comparison, in the same figure, the numerical solutions of (14) are shown for the cases u = 0.05, v = 0 (dots) and u = 0, v = 0.05 (circles). Both numerical curves are close to the approximation with (68). The small difference is seen at the left-hand side of figure 5, when the oscillator loses most of its energy during a small fraction of quasi-period.
The left-hand side of figure 5 is at the edge of the physical range of values of the dimension-less time z. At z = −100, we have ζ = −100(u + v) = −5 and G(−5) ≈ 3; γ (−5) ≈ e 3 ≈ 20 means that the peak number of photons X max ≈ e 40 X min ≈ 3 × 10 17 X min . This should correspond to enormous energy, stored in the photons inside the cavity; therefore we expect, our approximation works for all realizations of the oscillator Toda as a self-pulsing laser, while u + v < 0.05.
In our approximation, the decay of the pulsation is determined by the sum u + v and is not sensitive to the difference u − v. The two functions (logamplitude and phase) of variable ζ = wt/(u + v) describe the decay of pulsation. The sum u + v determines also the maximal number N max of strong spikes by (67). The logarithm of the logamplitude is approximated with G fit by (59) and the phase is approximated with F fit by (66). Then, the number of photons X (and therefore, the output power) can be approximated with (68). This approximation is valid at u + v < 0.05.
Discrete photons and the physical interpretation
Initial classical equations (1) do not take into account the discrete character of photons. Physically, the self-pulsation begins with photons of the spontaneous emission; the classical equations become valid as soon as these photons get amplified. This section analyses the limit on the amplitude of pulsation which arises from the discrete character of photons, and suggests the scenario of development of self-pulsation.
Assume that the pulsation begins when the medium is pumped just to reach the threshold of the laser action. This position can be interpreted as minimum of the output power. Assume, there is of order of one photon in the cavity, X min = 1; this is approximation of the quantum process in classical terms. The initial value of x is expressed with logarithm of X; therefore, it will not affect much the evolution, if we take several photons in the initial condition. Then, at the maximal logamplitude of pulsation, γ + δ = ln X o , and (25) gives
The maximal value of logamplitude
The maximal number of photons can be estimated as
The above estimates lead to the simplified scenario of development of self-pulsation. As the pump is switched on, there are almost no photons in the cavity, until the number of excitation of medium reaches its steady-state value Y o ; this is threshold of the laser action. If we neglect the depletion of excitation due to the spontaneous emission, then this process takes time t 0 = Y o /W . Then the photons of spontaneous emission get amplified, and their number can be interpreted as a continuous commutative variable.
The initial value of the normalized dimension-less time ζ can be estimated from the asymptotic expansion (58); this gives the estimate
The logamplitude of self-pulsation decays almost exponentially, the laser produces of order of N max strong pulses during time
Then logamplitude becomes of order of unity and smaller; the rate of decay reduces from 2 3 (u + v)w to 1 2 (u + v)w, and the pulsation becomes decaying sinusoidal, and the analytical description by [1, 2] becomes valid; after several times (u + v) −1 /w, the pulsation disappears at the background of the statistical noise. During the quasi-periodic pulsation, the output power can be approximated with fit x 2 by (38), (68).
Comparison with experiments
This section describes our attempt to realize the oscillator Toda at the optical bench. Although experimental measurements of various self-pulsing lasers have been frequently reported, not so many authors compare the measured and calculated pulse traces [19, 20, 23, 24] . In figure 6 , we compare our original oscillograms to the model considered above.
Our laser is a 1 mm thick, 10% at ytterbium-doped, Y 3 Al 5 O 12 ceramic disc obtained from Konoshima Chemical Corp [33] . A multilayer coating, anti-reflective at the pump wavelength λ p = 940 nm, and highly reflective for the signal wavelengths λ s = 1030 nm, is deposited on one face. The output coupler consists of a multilayer coating with θ = 10% transmission factor at the signal wavelength. Laser operation of the device was performed by axial pumping through the rear mirror with a semiconductor laser diode (LIMO Corp.), delivering up to 26 W at λ p = 940 nm. The pump was delivered with a 1 m long, 200 µm diameter fibre with a numerical aperture NA = 0.22. A pair of aspherical lenses with focal length f = 8 mm and NA = 0.5 was used to concentrate the pump light on the microchip with a transmission efficiency of 96%. The spot size was measured by the knife-edge method and found to contain 90% of the total power in a circle of radius about 80 µm. The pump absorption efficiency was measured to be around 75%. The output power as a function of time measured with the optical detector EG&G:G8194-32 and the Tektronix TDS 3052B oscilloscope. We calibrated the detector with 'LaserMate' powermeter from Coherent.
Pulsed pumping was used to access the transient regime of this laser. Input pump power was reduced to 0.5 W in order to mitigate the thermal effects; this corresponds to absorbed power P p = 375 mW. The pulse duration was 2 ms, with a 10 µs rising front. We assume the following values of parameters: σ = 2 × 10 −20 cm 2 , τ = 0.97 ms, n = 1.8. Using definitions (3)- (6) figure 6 . The period of small pulsation is expected to be T o = 2π/ = 3.16 × 10 −6 s, which is slightly larger than the quasi-period of pulsation at the right hand side of figure 6. The strong spiking is seen at the left-hand side of figure. The maximum number of photons X max is about five times larger than the average value X o , i.e. X max /X o ≈ 5. From equation (70), we estimate the initial value of logamplitude γ ≈ 2.5. Using equation (27), we estimate the period T ≈ 2.6 µs. Both the period and the pulse width are qualitatively reproduced by our theoretical model. We also compared the absolute output power to the predictions of our model. In the transient regime, the average output power is about one third of that predicted by (7) . Therefore, we scale down the theoretical estimate with factor 1/3; this scaled estimate is shown in figure 6 with dashed curve. This scaling means that our model overestimates the output power at the transient regime.
We cannot predict well the moment of the beginning of pulsation, this moment fluctuates from the estimate
of time necessary to deliver the active medium the steadystate number Y o of excitations. Therefore, we displace the time scale for the two realizations to show them at the same graphic in figure 6 .
The relaxation to the steady state is faster than what our model predicts; at u + v ≈ 10 −4 , no significant decay would be seen in figure 6 . The oscillograms look like a beat of pulsation of several competing modes [23, 24] .
The necessity to scale the ordinate axis in figure 6 and to displace the abscissas axis and the visible decay of the pulsations means that we do not fully reproduce the equations (1) at the optical bench; as [19] , we got only qualitative agreement. Various effects may affect the system: the re-absorption at the signal wavelength [19, 16] , the modal structure of the signal [23, 24] , non-uniform distribution of pump and signal, the thermal lensing and the spatial hole burning [34, 35] . A laser, which follows the scenario for the oscillator Toda, is still left to be achieved.
Conclusions
The simple model of self-pulsation in lasers is based on equations (1), (2) . The model includes four parameters K, U , V , W , which determine the rate of conversion of energy of excitation of the active medium to the lasing photons, rate of escape of photons from the cavity, rate of relaxation of the active medium and rate of its pumping. In such a system, the pulsation with frequency scale w = √ KW − UV may take place. This model is equivalent to the oscillator Toda [3] with dimensionless damping parameters u = w/U and v = V /w (14) . The spiking is possible at low damping, 0 < u 1 and 0 < v 1; then, the damping term can be considered as perturbation. The loss of quasi-energy during the half-period of pulsation determines the decay. The state of the equivalent oscillator is characterized by the logamplitude γ and phase ϕ, which are approximated through elementary functions (59) and (66) of normalized dimensionless time parameter ζ = (u + v)(t − t 1 )w.
The approximation (66) indicates the maximal number of strong spikes. Even at high initial amplitude of pulsation, within N max ≈ 0.72/(u+v) spikes, the logamplitude of pulsation becomes smaller than unity. At strong pulsation, the logamplitude γ decays with decrement 2 3 (u + v)w. Then, the decrement becomes 1 2 (u + v)w, self-pulsation becomes linear and can be described with the linearized equations [1, 2] . The discrete (quantum) character of photons limits the range of validity of the model for very strong pulsation; the maximal value of logamplitude γ max ≈ 1 2 ln(X o ln(X o )). The peak number X max of photons in the cavity does not exceed value X MAX ≈ X o ln(X o ). The first spike comes with delay of order of √ γ max /w after reaching the threshold of the laser action. The precision of the estimates above for equations (1), (2) exceeds the precision of the realizations of oscillator Toda as a pulsed laser. An accurate experimental realization of the oscillator Toda (14) remains a challenging task. Also, the model can be updated to describe better the typical experimental conditions. The consideration of logarithms of the numbers of photons in various modes might give the simple description of the competition between longitudinal modes [23, 24] . The role of spatial distribution of pump in the active medium, and the gradual pumping up of the lateral region of the sample, and thermal drift of the size of the signal mode in the transient regime could be considered in the similar way, treating the initial parameters in equation (1) as slow functions of time. In such a way, the approximations (34), (52) could also be a tool for more complicated models.
